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Primordial black holes (PBH) have been shown to arise from high peaks in the matter power
spectra of multi-field models of inflation. Here we show, with a simple toy model, that it is also
possible to generate a peak in the curvature power spectrum of single-field inflation. We assume
that the effective dynamics of the inflaton field presents a near-inflection point which slows down
the field right before the end of inflation and gives rise to a prominent spike in the fluctuation power
spectrum at scales much smaller than those probed by Cosmic Microwave Background (CMB) and
Large Scale Structure (LSS) observations. This peak will give rise, upon reentry during the radiation
era, to PBH via gravitational collapse. The mass and abundance of these PBH is such that they
could constitute the totality of the Dark Matter today. We satisfy all CMB and LSS constraints
and predict a very broad range of PBH masses. Some of these PBH are light enough that they will
evaporate before structure formation, leaving behind a large curvature fluctuation on small scales.
This broad mass distribution of PBH as Dark Matter will be tested in the future by AdvLIGO and
LISA interferometers.
PACS numbers: 98.80.Cq
I. INTRODUCTION
The nature of Dark Matter (DM) is one of the remaining mysteries of Modern Cosmology. We know it exists since
at least 1933, from the first observations of galaxy cluster dynamics by Fritz Zwicky, all the way to full consistency
with CMB anisotropies observed by Planck, and LSS formation measured by galaxy surveys. Its nature is still
unknown. For a recent review see [1]. There are more than forty orders of magnitude in mass for the range of possible
fundamental constituents, from ultralight axions [2] to supermassive black holes [3, 4]. Some of the possible Particle
Dark Matter (PDM) candidates have recently been strongly constrained as the dominant component of DM (e.g.
massive neutrinos, WIMPS, heavy axions, etc.), although there is still room for more exotic components.
In this paper we explore the possibility that DM is composed primarily of Primordial Black Holes. The first time a
connection between PBH and DM was made was in the paper of Chapline [5], where the lightmass PBH of Carr and
Hawking [6] were supposed to constitute part of the DM. Later on, in 1993, Dolgov and Silk [7] suggested a model
of matter fluctuations which used the QCD transition as a trigger for the formation of PBHs of order a solar mass,
which was later developed by Jedamzik [8]. These papers relied on the first order nature of the QCD transition to
amplify the minute matter fluctuations produced during inflation into high density regions that would gravitationally
collapse to form the PBH. We know nowadays that the QCD transition is not first order but a crossover [9], so such
a mechanism is ruled out.
An alternative is to produce a large peak in the curvature power spectrum which would collapse to form black holes
even without a phase transition. The first time such a peak was used to generate PBH as the main component of DM
was proposed by Garc´ıa-Bellido, Linde and Wands in 1996, based on a two-field hybrid model of inflation [10]. Soon
afterwards, many papers appeared in the literature making use of peaks in the spectrum [11–14] to generate a whole
range of masses for PBHs as the main constituent of DM. Broad peaks arise from quantum diffusion of the inflaton
field that backreact on the metric and induce large curvature perturbations [13, 15]. When those fluctuations re-enter
the horizon during the radiation era, their gradients induce a gravitational collapse that cannot be overcome even by
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2the radiation pressure of the expanding plasma, producing black holes with a mass of order the horizon mass [10].
Most of these PBH survive until today, and dominate the universe expansion at matter-radiation equality.
In models of inflation with multiple fields, one of the fields acts like the inflaton and the other one either triggers a
phase transition or an explosive productions of gauge particles [16] or a fast evolution, all of which backreact on the
curvature generating a peak in the spectrum of curvature fluctuations. Depending on when does this phenomenon
occur during inflation, i.e. how many e-folds before the end of inflation, we may have a narrow or a broad spectrum of
masses for the PBHs that form during the radiation era upon re-entry. It is relatively easy in these models to separate
the large scale fluctuations we observe in the CMB and LSS, that correspond to N = 65–55 e-folds, from the small
scale fluctuations responsible for PBHs, corresponding to N ∼ 40–20 e-folds before the end of inflation.
In this paper we explore single-field models of inflation that may give rise to peaks in the curvature power spectrum
responsible for the formation of PBHs. In the absence of a second field that triggers the growth of fluctuations, like
in hybrid inflation [15], we need a period of evolution during inflation where a single field (the inflaton) slows down,
creating a stronger backreaction and a quick growth in curvature fluctuations. In terms of dynamics, this effect can
only be achieved by producing a plateau in the inflationary potential, which slow-rolls the inflaton even further than
usual, before ending inflation. The best way to produce this plateau is with an inflection point in the potential. The
problem, in this case, is that the inflaton may stay too long at the inflection point, diluting away the inflationary
fluctuations that had successfully imprinted the metric on large scales to explain the CMB anisotropies.
We propose a toy model of single-field inflation, with the minimum number of parameters needed to generate a
large peak in the matter power spectrum at small scales, by introducing in the potential a near-inflection point. The
main feature of this type of model is that the peak is very broad, and covers many orders of magnitude in mass.
In order to account for DM it requires a small fraction fPBH(M) of the total ΩM at any given mass interval. This
may be the reason why they have not yet been detected by microlensing events or other phenomena that put severe
bounds on them. On the other hand, since the peak is broad, it may affect the rate of structure formation since
recombination, generating heavy seeds on which supermassive black holes may grow by gas accretion to become the
beacons we observe as quasars at high redshift, emitting in X-rays [17, 18] and starting early reionization [19].
With the advent of Gravitational Wave Astronomy, we have a completely new window into the Early Universe. The
fact that PBH are formed in clusters in this scenario [15], see also [20, 21], makes them more prone to merging within
the age of the universe, and binary inspirals are expected at a higher rate than if they were uniformly distributed
in space. For this reason, Clesse and Garc´ıa-Bellido predicted in 2015 [15] that LIGO would be able to detect the
final merging of massive BH binaries (BHB), as it actually occurred a few months later [22]. The large masses of
the progenitors (36 and 29 solar masses) prompted the attention of the community, which immediately suggested
a connection between Dark Matter and PBH [23–25], and initiated a search for a variety of formation mechanisms
to be explored, including both primordial [3, 16, 26–30] and via stellar evolution [31, 32]. A few months later we
learned that there had been three BHB merger events in LIGO Run O1 [33–35]. Furthermore, last week the LIGO
collaboration announced two more events. The surprisingly high rate of merger events suggests that black holes are
more abundant and more clustered that expected, in agreement with the PBH scenario.
Moreover, not only do we have individual BHB merger events, but soon we will be able to detect the Stochastic
GW Background from such inspirals in LIGO [36], happening all the way from recombination until today, if they arise
from PBHs [37, 38]. Moreover, in the near future, the space interferometer LISA should have this as a new irreducible
background [39], and will be able to measure the main parameters of the PBH mass distribution.
The paper is structured as follows. In section II we introduce the single-field toy model of inflation and obtain
exact expressions for the slow-roll parameters and the number of e-folds of inflation. We also study the validity of
the slow-roll approximation for different values of the model parameters. In section III we compute the curvature
power spectrum for this simple model at all scales, comparing the amplitude at large scales (CMB and LSS) with
that at small scales (responsible for PBH). In section IV we study the production of PBH and their evaporation, and
we conclude with an overall discussion of the scenario in section V.
II. SINGLE-FIELD TOY MODEL OF INFLATION
Although several multi-field models of inflation have been proposed that give rise to peaks in the matter power
spectrum, e.g. by having a mild waterfall regime at the transition between slow-roll and the symmetry breaking stage
of hybrid inflation [15], no compelling single-field model of inflation exists that can give a significant spike in the
matter power spectrum of fluctuations.
In this paper we show that a single-field scalar potential with a near-inflection point can also give rise to a peak in
the matter power spectrum. This simple and quite generic feature of the potential makes the inflaton enter into an
ultra-slow-rolling stage during a short range of e-folds that generates the spike in the spectrum. One has to be careful
however that this new feature in the potential does not affect the already constrained spectrum on CMB and LSS
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FIG. 1: Top figure: Single field potential V (φ) (arbitrary units) with an inflection point (vertical line) at φ = 1.191 v, and an
asymptotically flat plateau. The model parameters are a = 1, b = bc(1) − β, β = 1 × 10−4 and κ2v2 = 0.108. Bottom figure:
The exact evolution in phase space of the inflaton field (blue) for the same potential, compared with the slow-roll approximation
(dashed red).
scales. In multi-field models like hybrid inflation this can easily be achieved, since one can decouple the two stages
(CMB and PBH) by the intermediate waterfall stage, which arises due to the coupling to the symmetry breaking
field. As we will see, in single field models of inflation, those two stages are intimately related, imposing much tighter
constraints on the model parameters.
We propose a single-field toy model constructed as a ratio of polynomials, in order to take advantage of the
asymptotic flatness of the potential for large values of the field, which seems to be in agreement with CMB observations.
This type of potentials arise naturally in models of Higgs Inflation [40, 41]. However, in this case, rather than starting
below (but close to) the inflection point, as usually done in MSSM inflation [42, 43], in Accidental Inflation [44] and
in more general Inflection-point Inflation [45], we will assume that the field starts at larger values,1 well above the
inflection point, and then slow-rolls down towards the minimum of the potential, crossing the near-inflection point a
few (typically 30 to 40) e-folds before the end of inflation.
The inflationary potential we propose as toy-model is given by
V (φ) =
(
1
2
m2 φ2 − 1
3
α v φ3 +
1
4
λφ4
)(
1 + ξ φ2
)−2
, (1)
which can be recast in the form
V (x) =
λ v4
12
x2(6− 4 a x+ 3x2)
(1 + b x2)2
, (2)
under a redefinition of parameters, x = φ/v, m2 = λ v2, a = α/λ and b = ξ v2.
1 It is not clear, however, that our toy model with two plateaus can be embedded in a natural way within MSSM or Accidental Inflation.
4This potential has extrema, V ′(φ) = 0, for certain values of the parameters (a, b) which can be obtained by solving
the third order equation
1− a x+ (1− b)x2 + ab
3
x3 = 0 , (3)
The three solutions of eq. (3) are given by x = x1 < 0 and x2, 3 = x0 ± i y0, with
x1 =
b− 1
a b
− 1
a b
(
Θ(a, b) +
(b− 1)2 + a2 b
Θ(a, b)
)
, (4)
x0 =
b− 1
a b
+
1
2 a b
(
Θ(a, b) +
(b− 1)2 + a2 b
Θ(a, b)
)
, (5)
y0 =
√
3
2 a b
(
Θ(a, b)− (b− 1)
2 + a2 b
Θ(a, b)
)
, (6)
and
Θ(a, b) =
√3 a b
√
∆(a)3 −
(
b− 1 + 1
3
a2
)3
+ (1− b)3 + 3
2
a2 b
1/3 . (7)
From these expressions we see that the potential will have an inflection point V ′′(x) = 0 at a real value of x,
whenever the parameter b acquires a critical value (as a function of a) 2
bc(a) = 1− 1
3
a2 + ∆(a) , (8)
∆(a) =
a2
3
(
9
2a2
− 1
)2/3
. (9)
For these critical values, y0 = 0, the solutions of the cubic equation simplify to
x1 =
bc − 1− 2
√
(bc − 1)2+a2 bc
a bc
< 0 , (10)
x0 =
bc − 1 +
√
(bc − 1)2 + a2 bc
a bc
> 0 . (11)
and the potential has an inflection point at x = x2,3 = x0 given by eq. (11). For values of the parameter b < bc, y0 is
real, i.e. there is only one real solution x1, and the potential has no inflection point. In the case that b > bc, y0 is pure
imaginary, the three solutions are real, and the inflection point breaks up into a maximum and a minimum at x2, x3.
Although the potential has four independent parameters (λ, v, a, b), the existence of an inflection point only
depends on (a, b). We have plotted the potential in figure 1a, for a representative choice of the parameters, a = 1
and b = bc(1) = 1.435, that we will use along the paper, and for which the inflection point is at small values of the
field, φ = 1.191 v.
A. Slow-roll parameters and number of e-folds
In this type of potential the slow-roll parameter  can be calculated in the slow-roll approximation (SRA) as
SR =
1
2κ2
(
V ′(φ)
V (φ)
)2
=
8
κ2v2
(3− 3 a x+ 3 (1− b)x2 + a b x3)2
x2 (6− 4 a x+ 3x2)2 (1 + b x2)2 , (12)
2 Note that there is a maximum value of bc (for a = 1/
√
2) and also a maximum value of a (a = 2) for which the critical b parameter is
positive.
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FIG. 2: Left panel: The integrand of the number of e-folds as a function of φ/v. The dashed-red curve corresponds to the
SRA with β = 1 × 10−4. The exact calculation (blue, green and brown curves) is also shown for three different values of the
resonance parameter β = (1, 2, 4)× 10−4. Right panel: The number of e-folds of inflation N as a function of φ/v, in the SRA
(dashed-red) and the exact calculation (blue). In both figures, the model parameters are a = 1, b = bc(1)−β and κ2v2 = 0.108.
and the number of e-folds is given by
NSR =
∫
κdφ√
2SR
=
κ2v2
4
∫
x (6− 4 a x+ 3x2) (1 + b x2)
(3− 3 a x+ 3 (1− b)x2 + a b x3) dx ,
=
κ2v2
4 a b
∫
x (6− 4 a x+ 3x2) (1 + b x2)
(x− x1) ((x− x0)2 + y20)
dx . (13)
Clearly, for model parameters (a, b) in their critical values, the inflaton passes through the inflection point (x→ x0,
y0 → 0), and the integrand dN/dx in eq. (13) diverges in the SRA. However, for values sufficiently close to the critical
ones (a, b = bc(a) − β) with the resonance parameter 0 < β  1, the potential has a near-inflection point. In that
case, for each value of (a, bc(a)), and by appropriately choosing the parameters β and κv, we can have a large number
of e-folds spent at x = x0 to produce a significant peak in the matter power spectrum. In figure 2, we have plotted
as a dashed-red line the integrand of eq. (13) in the SRA to show the Breit-Wigner shape of the resonance at x = x0.
In recent papers [46–49], the use of the slow-roll approximation has been discussed in potentials with an inflection
point. In order to clarify this issue in our model, we have numerically integrated the evolution of the inflaton field φ
following the exact equations:
φ¨+ 3Hφ˙+ V ′(φ) = 0 , H2 =
κ2
3
(
1
2
φ˙2 + V (φ)
)
, H˙ = −κ
2
2
φ˙2, (14)
and compared it with the slow-roll approximation. In figure 1(b), we show the evolution of the inflaton field in phase
space. It is clear that the slow-roll trajectory follows quite closely the exact result of the field equations (14) until the
end of inflation.3 The solution shown corresponds to parameter values chosen along this paper a = 1, b = bc(1)− β,
β = 1× 10−4 and κ2v2 = 0.108. It is possible to obtain similar trajectories (with large number of e-folds spent at the
near-inflection point before ending inflation) for any values of a ∈ (0, 2), and b = bc(a)− β, as long as the parameter
κ2v2 is appropriately chosen.
Once we have solved the exact evolution of φ, with Eqs. (14), the slow-roll parameter  and the total number of
e-folds of inflation N can be calculated exactly :
(φ) = − H˙
H2
, N(φ) =
∫ φ
φend
κdφ√
2(φ)
. (15)
3 Note also that initial conditions are irrelevant since the inflaton is always in the SR attractor at large values of φ.
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FIG. 3: The exact parameter ′(N)/(N) (in green, dashed section corresponds to negative values), together with the (N)
parameter in the exact calculation (in blue) and SRA (in red), along the evolution during inflation. Fig. (a) corresponds to
a = 0.2, b = bc(0.2) − β, β = 10−4 and κ2v2 = 0.00333, while Fig. (b) is for our representative parameter choice, a = 1,
b = bc(1)− β, β = 10−4 and κ2v2 = 0.108. Both choices give ∆N = 35 and ns = 0.954 on CMB scales.
In order to investigate the validity of the slow-roll approximation for different choices of the model parameters,
we have shown in figure 3 the exact evolution of the  parameter and its logarithmic derivative, as a function of the
number of e-folds, compared with SR in the SRA (12). We have chosen two representative cases (a = 1 and a = 0.2).
In both cases,  is always well below 0.05, throughout the whole inflationary evolution, and the parameter ′/ only
touches the value −3 at an instant (for the a = 1 case) before the inflection point, and does not become permanently
trapped in an ultra-slow-roll regime.
Scanning the allowed range of values of the parameter a, we have confirmed that the SRA becomes less and less
accurate as we increase a, although this does not prevent the slow-roll approximation from capturing the main features
of our model: growth of N at the quasi-inflection point, and enhanced power spectra at small scales, as we will see
in the next section. It is a general feature of the model that, for those cases in which the SRA deviates from the
exact evolution of the  parameter, see figure 3(b), the SRA always overestimates the number of e-folds spent at the
inflection point, as shown in figure 2.
Furthermore, note that, contrary to what was claimed in [47], the number of e-folds spent at the inflection point,
∆N strongly depends on the value of the resonant parameter β, both in the exact and the SRA. The closer we are
to the critical value of b, the larger the number of e-folds spent at the critical point. This can be seen in figure 2,
where the area under the curve gives a number of e-folds spent close to the resonance, ∆N = 35, 22, 16, in the exact
calculation, for three choices of β.
III. POWER SPECTRUM FROM SINGLE FIELD INFLATION
In this section we compute the curvature power spectrum and make sure that a peak at small scales will not be
in conflict with the good properties of the spectrum at CMB and LSS scales. The exact expression of the power
spectrum is given by
PR(k) =
κ2H2(φ)
8pi2(φ)
, (16)
while in the SRA the power spectrum can be evaluated in terms of the potential (2) and the slow-roll parameter (12)
as
P SRR (k) =
κ4 V (x)
24pi2 SR(x)
=
λκ6v6
96× 24pi2
(6− 4 a x+ 3x2)3 x4
(3− 3 a x+ 3 (1− b)x2 + a b x3)2 . (17)
Note that, since the spectrum is essentially inversely proportional to the parameter , for large values of a in which
the SR estimate for  can significantly deviate from the exact result (see figure 3), the power spectrum calculated
with eq. (17) can give a very different prediction from the exact result (16), as can be explicitly seen in Fig. 4.
It is convenient to study the behavior of the power spectrum at different asymptotic regimes, at small and large
scales, in order to check its compatibility with existing CMB and LSS bounds on large scales, and with the amount
of PHB produced at small scales.
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FIG. 4: The exact matter power spectrum (blue line), for model parameters: a = 1, b = bc(1) − β, κ2v2 = 0.108 and
β = 1× 10−4. We have also plotted the SRA (red-dashed line), and the range of values allowed by Planck (2015), by compact
minihalos (green line) and by PBH (black dashed line), at 95% c.l. (figure adapted from ref. [51]).
A. PR(k) at large scales: CMB and LSS
We compute the relevant CMB parameters, i.e. the scalar spectral index and its running, as well as the tensor-to-
scalar ratio [50], using the exact expressions for (N) from eq. (15) as
ns =
d lnPR
d ln k
= 1− 2 (N) + 
′(N)
(N)
, (18)
dns
d ln k
= 2 ′(N)−
(
′(N)
(N)
)′
, (19)
r = 16 (N) . (20)
We will only consider model parameters that are compatible with the Planck measurements at k = 0.05 Mpc−1 [52,
53],
ln(1010A2s) = 3.094± 0.068 (95% c.l.) , (21)
ns = 0.9569± 0.0154 (95% c.l.) , (22)
dns
d ln k
= 0.011± 0.028 (95% c.l.) , (23)
r < 0.09 (95% c.l.) . (24)
There is a whole range of model parameters that satisfy these constraints. The amplitude of the power spectrum
at Planck scales is given by A2s = PR(x62), where x62 is the inflaton value (in units of v) 62 e-folds before the end of
inflation, which in our model corresponds to k = 0.05 Mpc−1. One of the nice features of the potential of our model
(1) is its flatness at large values of the inflaton field, since this allows for a reasonable value of the spectral index and
its running. For our choice of values of the model parameters, a = 1, b = bc(1)− β, κ2v2 = 0.108 and β = 1× 10−4,
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FIG. 5: The curvature power spectra obtained from the exact inflaton evolution, for different values of the model parameters
(a, κ2v2) for which there is a significant peak at small scales, while leaving CMB scales essentially unaffected, with ∆N = 35
and ns = 0.954. In all cases β = 10
−4.
we find
ns = 0.951 , (25)
dns
d ln k
= −0.00175 , (26)
r = 0.013 , (27)
which are in agreement with CMB constraints. Finally, the amplitude (21) fixes the quartic self-coupling, λ =
2.97× 10−7. With these parameters, the exact power spectrum satisfies all the observational constraints in the whole
range of scales, from both CMB and LSS, as can be seen in figure 4. Note, however, that the slow-roll approximation
would have predicted the wrong spectral index and a PR(k) already ruled out by experiment, see red-dashed curve in
figure 4. Therefore, we agree with ref. [47] that in realistic models of inflation with a quasi-inflection point, a careful
calculation of the exact evolution has to be performed, in order to get accurate predictions for the power spectrum.
Finally, it is important to stress here, following the discussion of the previous section, that the agreement with the
CMB at large scales is a generic feature of this model, that can be obtained independently of the value of a, as long as
we chose the appropriate scale v. In figure 5 we show the exact calculation of the power spectra of our model for the
whole range of parameters (a, κ2v2), which are in agreement with CMB observations, and at the same time present
a peak at small scales, as we discuss in the next subsection.
B. PR(k) at small scales: PBH
Since we are interested in producing a population of primordial black holes, once we have chosen the model pa-
rameters to satisfy CMB constraints on large scales, our model has to be able to generate also high peaks in the
power spectrum at small scales. This effect can be achieved dynamically via a secondary plateau in the inflationary
potential, which slow-rolls the inflaton even further than usual, increasing the local number of e-folds spent near the
quasi-inflection point (see figure 2), before ending inflation.
In our model, the exact power spectrum (16) presents a peak at scales corresponding to the near-inflection point
(x = x0). In figure 5 we have covered the whole parameter range (a, κ
2v2) and shown that such a peak is generic,
although its shape and amplitude depends on the choice of model parameters. Note that for small values of a, for
9which the SRA is valid, the peak has a arc shape, while for larger values of a it acquires a half-dome shape, because
the  parameter changes more abruptly in these cases. This feature will be useful for PBH production since it shifts
the peak mass in the BH distribution to larger values.
Once we have fixed all the model parameters, we have to check that these gives rise to reasonable physical values
of the scale of inflation and the reheating temperature. The value of κ2v2 = 0.108 implies that we have inflation
significantly below the Planck scale, and that we are thus safe from quantum gravity corrections. Moreover, since
the mass of the inflaton at the minimum of the potential is relatively high, m = v
√
λ = 4.36 × 1014 GeV, and the
energy density at the end of inflation is ρend =
3
2V (φend) = 5.06 × 1063 GeV4, we expect a relatively high reheating
temperature, Trh = 3.46× 1015 GeV, and thus a large total number of e-folds, N = 65.
IV. PRODUCTION OF PRIMORDIAL BLACK HOLES
Here we study how the peak in the matter power spectrum generates a peak in the mass distribution of black holes
and how to compute their abundance as a fraction of the total ΩM .
Assuming that the probability distribution of density perturbations are Gaussian, one can evaluate the fraction
βform of the universe collapsing into primordial black holes of mass M at the time of formation tM as [15]
βform(M) ≡ ρPBH(M)
ρtot
∣∣∣∣
t=tM
=
∫ ∞
ζc
dζ√
2piσ
e−
ζ2
2σ2 =
1
2
erfc
(
ζc√
2σ
)
. (28)
In the limit where σ  ζc, one gets
βform(M) =
σ√
2pi ζc
e−
ζ2c
2σ2 . (29)
The variance of the curvature perturbations σ is related to the power spectrum through 〈ζ2〉 = σ2 = Pζ(kM ), where
kM is the wavenumber of the mode re-entering inside the Hubble radius at time tM . If σ is above a certain threshold,
ζc ∼ 0.05− 1, then the probability of collapse to form a PBH can be large [15]. The actual value of ζc depends very
much on the equation of state of the fluid at reentry [54]
ζc =
1
3
ln
3(χa − sinχa cosχa)
2 sin3 χa
∣∣∣∣
χa=pi
√
w/(1+3w)
, (30)
which for the radiation epoch, w = 1/3, gives ζc = 0.086.
4 The mass of the PBH at formation is then given by
MPBH = γ
4piM2P
HN
e2N , (31)
where γ ∼ 0.4 is an efficiency factor characterizing the gravitational collapse upon reentry of the metric fluctuations
responsible for the PBH formation [55, 56], and HN is the rate of expansion during inflation at the time of horizon
exit, while N is the number of e-folds when the fluctuation exits during inflation. For fluctuations produced during
the near-inflection point, this rate is given (e.g. for the model parameters a = 1, b = bc(1) − β, β = 1 × 10−4 and
x0 = 1.191) by
HN = 1.8× 10−6MP . (32)
Putting all together, one finds the mass of PBHs, in solar mass units, as a function of N ,
MPBH = M e2(N−36.28) . (33)
When PBH form, their whole distribution cover a wide range of masses, some of which will evaporate immediately,
much before nucleosynthesis, while others will remain until matter radiation equality and recombination, and yet
another group of more massive PBH will remain today to form the Dark Matter.
4 Although larger estimates have been found in previous studies [55], the precise value is not crucial for our analysis since we can always
adjust the β parameter correspondingly, to ensure a sufficiently large number density of PBH at formation.
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FIG. 6: The present constraints on PBH from Extragalactic Gamma Background, femto-mili-microlensing, Wide Binaries and
the CMB. The primordial black holes produced in this type of near-inflection-point inflationary models could comprise all of
the dark matter and still pass all the constraints, see the text. Figure adapted from [15] and [3].
The evaporation via Hawking radiation is a runaway process that lasts a fraction of a second for small BHs, but
can take much more than the age of the universe for massive ones,
τev = 5120pi
√
~G
c5
(
MPBH
MP
)3
= 2.1× 1067 yr
(
MPBH
M
)3
= 13.8 Gyr e6(N−17.21) . (34)
Their relative abundance today will depend on their initial mass (33) and their relative abundance (29). Those that do
not evaporate during the radiation era will come to dominate the density of the universe at matter-radiation equality.
Their abundance will grow relative to that of radiation since formation to equality by a factor [15]
βeq(M) =
aeq
a(tM )
βform(M) , (35)
and their contribution to the matter content of the universe at equality is
ΩeqPBH =
∫ Meq
M∗
dM
M
βeq(M) =
∫ 38
12.51
2 dN e56.8−N βform(N) , (36)
where 56.8 = ln(Trh/Teq) is the number of e-folds from the end of inflation to equality, and M
∗ ' 3 × 1012 g is the
lower mass limit of those PBH that have survived until equality without evaporating. The final number, ΩeqPBH = 0.42,
corresponds to the case where these PBH constitute all of the DM today (the rest of matter at equality, ΩeqB = 0.08,
corresponds to baryons). For the parameters of the model, a = 1, b = bc(1) − β, κ2v2 = 0.108 and β = 1 × 10−4,
we have found that ζc = 0.0753 gives rise to Ω
eq
PBH = 0.42 at equality. Note that a growth in mass of PBH since
formation, due to accretion before equality, would increase ΩeqPBH for a fixed ζc; for example, one could have obtained
ΩeqPBH = 0.42 for larger ζc (e.g. ∼ 0.4) by taking into account accretion and the growth of perturbations during the
radiation era [57]. For simplicity, in this paper we have only considered its evolution after equality, assuming a factor
2×107 increase in mass due to PBH merging.5 The effect of gas accretion in the matter era is not taken into account,
5 In Refs [20, 21] it is argued that the concentration (density contrast) of PBH could be enhanced by huge factors (up to 1022). Part of it
is simply the reduction of the size of the cluster through dynamical friction, and part is due to internal collisions and merging of PBH,
which increases their mass and shifts the whole mass distribution to larger masses. A detailed analysis of this non-linear phenomenon
requires N-body simulations of clusters of PBH during the matter era, in the presence of large curvature fluctuations, which are now
been explored by one the authors (work in progress).
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but it is expected to significantly raise the tail of the distribution for larger masses.
We show in figure 6 the present constraints on PBH coming from the evaporation of micro black holes inducing
an Extragalactic Gamma Background, from femto-mili-microlensing (Kepler, MACHO, EROS, OGLE), from Wide
Binaries and the CMB (FIRAS, WMAP), see [3] for the latest compilation. Note that the constraints shown in Fig. 6
correspond to a monocromatic mass distribution. More recently, Ref [58] studied the effect of wide mass distributions
and found, for a distribution similar to ours (see their Fig. 1b for a lognormal with σ = 2), a slight broadening and
depletion of the constraints. Since our normalised PBH distribution is well below all the experimental bounds, by at
least an order of magnitude, the broadening of the constraints does not pose a significant restriction on the model.
V. DISCUSSION AND CONCLUSIONS
We have shown that it is possible to construct single-field models of inflation that satisfy all the constraints on
large scales (from the CMB to compact minihalos LSS) and at the same time provide a mechanism for generating the
observed Dark Matter in the form of PBH. The main advantage of single-field models is the economy of means. What
multi-field models like hybrid inflation or axion inflation generate with new couplings, can be done here with a plateau
feature in the single-scalar-field potential. We have succeeded in producing a peak in the primordial curvature power
spectrum with just two parameters that govern the width and height of the inflationary plateau. While most models
of inflation are only probed at CMB and LSS scales, i.e. approximately 60 to 50 e-folds before the end of inflation,
the range of values of the field relevant for PBH production and the CMB covers the whole range, from 60 to the end
of inflation. What is surprising is that generating a peak in the spectrum did not require any special fine-tuning of
parameters for the amplitude of CBM fluctuations; actually, for our choice of parameters, the inflaton self-coupling λ
turns out to be of order 10−7, and the inflaton mass is of order the GUT scale.
The fact that quantum fluctuations of the inflaton field can backreact on space-time and form classical inhomo-
geneities, giving rise to CMB anisotropies and big structures like galaxies and clusters, is a fascinating property of
Quantum Field Theory in curved space, and one of the great successes of inflation. What is even more surprising is
that a local feature in the inflaton dynamics can give rise to large amplitude fluctuations in the spatial curvature,
which collapse to form black holes upon reentry during the radiation era, and that these PBH may constitute today
the bulk of the matter in the universe. In this new scenario, Dark Matter is no longer a particle produced after
inflation, whose interactions must be deduced from high energy particle physics experiments, but an object formed
by the gravitational collapse of relativistic particles in the early universe when subject to high curvature gradients,
themselves produced by quantum fluctuations of a field and stretched to cosmological scales by inflation.
This opens a new window into the Early Universe. Cosmological observations of PBH as the main component
of dark matter in the present universe, mainly through the characterization of their mass distribution, may give us
information about the inflaton dynamics just a few tens of e-folds before the end of inflation. Moreover, this new
paradigm has many observational consequences [59]. For instance, this scenario could explain the missing satellite
problem of N-body simulations, and makes specific predictions for the existence of massive black holes at the center
of all large scale structures, from dwarf spheroidals to massive galaxies [60]. The hierarchical merger tree scenario of
structure formation then predicts that dark matter halos are composed of an intermediate mass black hole at their
center, plus a smooth component of lighter PBH orbiting the halos. These building blocks will then merge to form
larger structures like galaxies and clusters of galaxies.
What characterizes this scenario of inflation with broad peaks in PR(k) [15, 16] is the small scale structure they
predict. Rather than waiting for 5σ peaks in a Gaussian low-amplitude spectrum to gravitationally collapse to
form the first stars after recombination, here the large-amplitude peaks in the primordial spectrum are enough to
produce the PBH that will act as seeds on which gas will accrete and form galaxies. This scenario is thus responsible
for reionization at high redshifts and early structure formation, which may explain why we observe fully formed
structures like galaxies and QSO so far back in time, very soon after photon decoupling, and why there are strong
spatial correlations between the cosmic near IR background and the soft-X-ray background fluctuations [19].
Furthermore, in this single-field model the economy of parameters imply that high curvature peaks cover a broad
range of scales, and thus give rise to PBH with a large range of masses. The evaporation of these light PBH, between
their time of formation and matter-radiation equality, is a new feature of this model. The rest of massive PBH will
constitute the DM. Note that the large metric (curvature) perturbations remain there on small scales even if the
PBH that formed by them upon reentry have evaporated today. Those large fluctuations will grow since equality and
recombination due to the gravitational collapse of gas and PBH as DM around them, and will generate structures on
extremely small scales, thus acting as early seeds for galaxies.
Fortunately, with the advent of Gravitational Wave Astronomy we have a completely new way of investigating both
the late and the early universe. The gravitational wave background from the time of formation of PBH will leave
signatures on PTA and LISA scales, while the inspiralling of PBHs to form more massive ones can be seen as chirps
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in both LISA and AdvLIGO-VIRGO. The stochastic background from these inspirals will cover the whole range from
nHz to kHz, and in the not so far future, LISA and the Einstein Telescope will be able to detect such a background
and hopefully determine the shape of the mass distribution.
We have entered a new era, with a new scenario of structure formation based on compact BH as the dominant
component of Dark Matter, and new detectors in the form of laser interferometers, both on the ground and in space.
We will be able to use these new tools to explore the formation of PBH in the early universe and connect these
with the dynamics of inflation at energy scales close to the scale of quantum gravity, where present particle physics
accelerators cannot reach.
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